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Year 9 proportional reasoning: sample unit

Introduction

This unit is a sequel to the Year 8 multiplicative relationships unit. It provides an
opportunity to revise, consolidate and extend ideas introduced in Year 8 and to make
links to other mathematical strands, particularly shape and space. Making such links,
especially with visual contexts, can help pupils to understand proportion. There is perhaps
no other single concept in secondary mathematics which is so important and so
pervasive. Drawing attention to multiplicative relationships as they arise in other topics
provides opportunities to assess pupils’ understanding of the key ideas and their ability to
use and apply these. For some pupils this unit will represent a second opportunity to
come to terms with the big ideas involved in multiplicative thinking. Other pupils may have
been using and applying strategies developed from the Year 8 unit and will be ready to
refocus on proportional reasoning and develop more sophisticated methods for solving
problems.

This Year 9 unit has been developed through a flexible use of the Sample medium-term
plans for mathematics.

In planning the unit several decisions were made that affect the medium-term plans for
mathematics.

® The objectives for the unit are mainly drawn from Number 1, with some from
Number 2 and Shape, space and measures 3.

e |t is taught during the autumn term of Year 9 and replaces Number 1.

e Some objectives concerning use of the calculator are covered here and will need less
time in Number 2.

e (Objectives on calculation from the existing Number 1 will need to be covered in
Number 2.

Proportion problems are sometimes solved quite easily using an informal approach,
particularly when the numbers involved are simple multiples of each other, as in a recipe
conversion. But pupils also need to be able to deal with the general case; this requires a
higher level of understanding and problem-solving skills, using the operations of
multiplication and division. A key feature of the oral and mental starters in this unit is the
automating of some of the processing tasks. Throughout the unit, calculators remove the
burden of arithmetic, which helps pupils to focus on the relationships involved.

This unit has been structured into three phases for teaching.

Phase 1 (about three lessons)

e Phase 1 builds on the idea of scaling numbers, introduced in the Year 8 mini-pack, to
consider successive scalings and their inverses.

e |t re-examines the use of tabular arrays to set out proportional relationships and find
unknowns (followed through in phases 2 and 3).

Phase 2 (about three lessons)

e Phase 2 links numerical work to geometry — the invariant properties of enlargement
and the concept of similarity.

e |t considers relationships ‘within’ and ‘between’ similar shapes.
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Phase 3 (about three lessons)

e Phase 3 considers problems from a variety of contexts (numerical, graphical, spatial,
statistical), to identify the underlying relationships of proportionality.

e |t revises and develops methods for solving proportion problems.

e The phase places particular emphasis on problems involving percentage increases
and decreases.

Objectives

A Understand the effects of multiplying and dividing by numbers between O and 1; use
the laws of arithmetic and inverse operations; recognise and use reciprocals.

B Enter numbers into a calculator and interpret the display in context (negative
numbers, fractions, decimals, percentages, money, metric measures, time).

C Recognise when fractions or percentages are needed to compare proportions; solve
problems involving percentage changes.

D Use proportional reasoning to solve a problem, choosing the correct
numbers to take as 100%, or as a whole; understand and use proportionality and
calculate the result of any proportional change using multiplicative methods;
understand the implications of enlargement for area and volume; compare two ratios;
interpret and use ratio in a range of contexts, including solving word problems.

E Enlarge 2-D shapes; recognise the similarity of the resulting shapes; identify the scale
factor of an enlargement as the ratio of the lengths of any two corresponding line
segments, recognise that enlargements preserve angle but not length.

F Solve increasingly demanding problems and evaluate solutions; explore connections
in mathematics across a range of contexts: number, algebra, shape, space and
measures and handling data; generate fuller solutions.

G Represent problems and synthesise information in algebraic, geometric or graphical
form; move from one form to another to gain a different perspective on the problem.

H Suggest extensions to problems, conjecture and generalise; identify exceptional cases
or counter-examples, explaining why; justify generalisations, arguments or solutions;
pose extra constraints and investigate whether particular cases can be generalised
further.

Differentiation
Ideas for progression in oral and mental starters are provided in a set of prompts.

Support in the first phase could be provided by devoting more time to revising ideas
developed in the Year 8 multiplicative relationships: mini-pack.

The unit refers to the Framework supplement of examples, particularly in phase 3 of the
unit. In the case of each objective the pitch of the work is accessible through Years 7 to 9
(and Year 9 extension) and examples can be chosen appropriately.

Further ideas for varying the level of challenge are detailed in the prompts for main
activities.

For some pupils, it would be appropriate to revisit these concepts through lessons 3, 5
and 12 in the Year 9 booster kit: mathematics.
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Resources
e Calculators, scissors

e Paper:
— two large square sheets, one smaller square sheet (class demonstration)
— two sheets each of A4 and trimmed A3 paper for folding and cutting (per pair of
pupils)
e Selected sets of proportion problems, drawn from the Year 8 problem bank and other
suitable sources (see ‘Prompts for main activities in phase 3’ page 25)
e Resource sheets — to prepare as OHTs and/or handouts (included in the school file
and on the CD-ROM):
— Scaling line segments (2 sheets)
— Cat faces
— Photographic enlargements
— Shadows (4 sheets)
—  Four problems: making the links

e Supplementary notes (pages 10-28 of the mini-pack):

— Prompts for oral and mental starters: phase 1

— Prompts for oral and mental starters: phase 2

— Prompts for oral and mental starters: phase 3

—  Prompts for main activities in phase 1

— Prompts for main activities in phase 2

— Prompts for main activities in phase 3

— Prompts for final plenary in phase 2

Key mathematical terms and notation
scaling, scale factor, multiplier

inverse operation, inverse multiplier
reciprocal

ratio: expressed using ratio notation (a : b) or in equivalent fraction (%), decimal or
percentage forms

proportion:
e as a fraction or part of a whole (‘proportion of’)
e as equality of ratios, i.e. direct proportion (‘in proportion’, ‘proportional to’)

rate, per, for every, in every
unitary method
enlarge, enlargement, centre of enlargement

similar, similarity

6 | Interacting with mathematics | Year 9 proportional reasoning: mini-pack © Crown copyright 2002



7 | Interacting with mathematics | Year 9 proportional reasoning: mini-pack © Crown copyright 2002



‘(108ys
1dwoud) syuswiebiejus oiydesGoioyd
0} Bunejes Juiod BuBuIyy 8|0ENNS B 8Siey e
JJellwis skeme ase sedeys
JBYI0 1eyM ‘S8j0JI0 puUE SaJenbs Se |[oM SY e
:aldwexa 104 "sanAloe ulew
yum ssalboid uo Buipuadep Areusid 8sooy)

‘suolpodold swes ay) aney ss|bueioal
Il 4ewio} 8y} Joj ‘yeyy Bupou ‘ss|bueiosi
OUISW-UOU PUB OujaW WoJ) S}Nsal ssnosiq

'SI0]0e} 8e0S Bale
9pN[OU| "SSNOSIP PUE UOIeSI[ensiA
asn Bup|o} a/enbs 104 :uoisuaix3y

Jellws ase sasenbs

Ile eyl 810N °,9zIs Juaiaylp ‘edeys
auwes, — uolpyodoud Ul suoisuswiIp
Aejwrs [edrewayiew suyeq

“WUN 8y} Jo | 8seyd Yim syulj exew
pUE ElEP JO UONEINge) asiseydw]

'S908)

Je|WIS UsamM1ag a[eds 1eyl (ebeiusdied pue [ewiosp ‘Uoioel) se) sieldininw e
{908} JE(IWIS B Ul parIasald ale jeyl a0e) B UIYIM S8injes) JO SONE) e
:JBpISUOD ¢,MOUY NOA Op MOY PUe Je[IWIS 8Je S8de) UYDIUAA

(199ys @2.nosaa pue | HO) sodk} 1D

'SOl1BJ/SI0108) 8[BOS PUll ‘SYIPIM pue Ssyibus| 81eingel

‘se|buel08) 8bUBLY '198US OUIBW-UOU B UIM JeY ‘(Y 'B8) 198ys oUW

e yum Buipels ssejo ay) ey ‘sejbueloal Joy 1eadal (sired ul) asiolexa sse|)
(1 : g pue | : |)suomodoid swes oyl Yum s19s om} Buiou ‘ssnosip

pue sa|bueoss abuelly Sawl} 8l0W JNoj 1eaday “jey ul 1nd pue ABWWAS
JO 8Ul| Jopoys e Buole pjo} ‘elenbs e yim Pels uoljessuowsp Jeyoes|
Jaded Buipjo4

(Glzg—elg 'e6l "dd Miomeweld) H 'O 4 ‘3 ‘q senoeldo
(suossa)| 9a4y)) g aseyd

"3 pUE |3 IO} S8uus apnjoul
pue weJbep gem Se N0 188
‘sjuaeAinbe alow swos aAlb

(8:9) 83 = 63 41 ‘e|dwexs Jo4

LTV

'SOl1el Jaylo

pUB 8SIaAUl JO} BUIES "9SESI08pP
10 asealou| abejusolad

Y} pue ‘[ewiosp e pue uonoel}
B Se J010e} 8|eds oAb s|idnd
'saljijuenb omy Jo ones e sAID
s]s1| JudjeAinbg

@ ‘D seA0sldo

'S82I0U9D JUSIOIS SSNOSIJ "PaeNded 8q
Ued JI YoIym WO} SIOBIIXS Jenge) Jusiayip
[eJenas Jayo sjidnd ‘umoudun usalb e 104

("pomewoy se 18s 8q piNoY)

"18S BUO JO} Sauude Buisooyd Ag ve1s ‘g i 0}
=0:qQpueg:g=q:e 6o ‘sonel payoads
uanlb ‘syes [euoipodoid saiy relsusn

‘(1@ays 1dwoud jo ebed 1s€|) pUNO}
80 Ued Salus Bulssiw Jey) os ejep
90€e|d 0} MOY JOPISUO) :uoIsuaIX3

.Emmmw@mEmE
UBBMISQ SIOJOB) B[R0S BUL S : /1 2
=0:@q: e Bd ‘UoneIoU ONel pue

uoljoBI) BUISN SI010B) 8]e0S USeM]Sq

SYUI| SSNosIp ‘quiod 8|gens e 1y

‘| UeY} SS8| SJ010e}

8[B0S UM Sewjewos ‘spusweb.elus
le a1e 8s8U] ‘Ajeonewsyie|
'suononpal o suoisuedxa

90 Ued sjuswbes aul| Jo sbuleds

‘Jun sdiysuonees
oAl diinw 8 JesA 99S :poddng

1 8¢ z
§L S G A S
$XG)=x10gr xg=X X z X / 2

[OREN g1es v 18S

'SPOYIBW JOJEINOED PUE [ejusl

10} 8|gBINS sojdwexs X pue seyoeoidde aaeulsie ssnosig suonenbs pue
S10BJIX8 JB|Nge] 1IN0 Bumes ‘umousun yoes a1ejnofeo 0} sAelie g x g aleudoidde
109|8S 0} 8ABY S|idnd 'SUWN|09 JO SMoJ usamiaq sdiysuoneal Buisn saujus
8S8U} pul} 0} S| ¥SE} 8y MUB|q SeLus awos aAes “uoipodoid U siequinu

10 SMOJ UB] 0} dn puUB SUWN|OD 884l YIM B|gel B OAIS) "uoipiodosd Ul pue

ones swey ay1 Jo siidnd puiwal ‘uosse| snoineld sy Jo Areusid ay1 01 Buleley
s)as |euoiuodoid

£ = 9 x £ )nsal [essusb oy} spiemo) Buipiom ‘sejduiexs Jeyio Ssnosi(] ‘siemsue
q i ki

Bl o]
1UBISISU0D BAIB SI0J0B) [0S [BLUIDBP TeYl M08yD) Jajdiinw asieAul ‘Jejdinw
110}0B) 8[0S SW.a) 8U) JO Jepuilial B 8AID "SasIanul pue (&) Jo1oe) a[eos ejbuls
1seANbe 8yl Am pue wv sl010B} 9[e0s Alnuspl ‘Uun sdiysuonees aareoldinu
Q JeaA oy} Woly dom Bulieosy siuswbes aul Ag slequinu Bunuaseidai
‘Ajuo uoneoldinw Buisn (G «— /2 < 1 "B8) Buleos payeadal aonpoy|
Buljeos pajeaday

H ‘d Vv seAoeldo
(suossa| @a4y}) | aseyd

"oousnbas Asy ssnosip

pue siolenofes asn sjidng

(g x w ‘B 9) UOIEINOED B BAID
)oInb Jo0je|nojen

‘)nsal
2y} Jo 8z1s a8y arewixoidde oy
aney s|idnd Jequunu pauoads

e 01 Aidde 01 (sewioep
usy} ‘suonoel)) sialdnnu sl
moqy

‘suonoel) Agyun epnjoul pue
/B20.dj08. W8} 8y} 82NPOJU|
JOMOJ JO Jaybly aq [Im

1Nsas 8y} Jayleym Aes o1 aney
sjidnd "sieidinu uonoel) 8AID)
Jamoy/1aybiH

g 'V senjoslao

Kieus|d

S810N

Buiyoeay uiey

J9Je}s |ejusawl pue |elQ

ueid yun

© Crown copyright 2002

8 | Interacting with mathematics | Year 9 proportional reasoning: mini-pack



"UOSS9)| 1XeU 8y} IO} SNO0) 8y} 8plosp
pue ssalboid ssesse 0} Areusid 8y} asn
‘sjuswinBie uapum Juaiayod Buidoensp e
‘suondaouoosiw Buibiews e
‘seibolens JO AousioIe e

‘Aioelaisuely
JIBY} pUe sa1f91eS [NJSS00NS e
HUleRteCTIEY|
INQg ‘swa|qoid mau 8oNpoiiul J0U PINOYS
saleua|d [euly Loys pue saLeus|d-Iulp

‘'suoipodoud
10U aJe panjoAul sdiysuonejel syl
aloym swia|qo.id epnjou| :uoisuaixy

"UOI}O8||0D By} WO}
so|dwexs Jaises asooy) :poddng

(Lg—Gg "dd
‘sidwoud ¢ aseyd @ Jesp 99S)
"SIX81U0D JUBIalIp
01 BuiAdde (Ayreuonpodoud jo
diysuoneel) 8injonJis UOWILOD 8y} e
‘sebejuaoiad Buinjoaul sweigold e
‘syun jo abueyo
pue sajel Buinjoaul swiajgold e
10} uonuape Jenoiped anln)
Mueq wejgosd a|geuns e Buos|joo
Agq dnolb g Jes\ e Jo} suoeoadxe
ay} 183 "salbelelis Buinos
-Wws|qo.d Buidojersp 0} yoeoudde
[eJousb e paulino yun sdiysuoiees
aAleoldiinw g JesA 8y} JO € eseyd

,6,04na Jad spunod Jo punod Jad soina Y S|, B8 ‘Uuonn|os e 0} Aem
ped pessaldxe sejel AJueD ‘UoISIAIP BUIAjOAUl poylew Aeyun Buisn Usypp e
Jaidiynw e Buipul Ag spoyisw Bulleos JepIsSuo) e

"L UBY} SS9 JO UeY) Jolealf siequinu

Aqg Buipiaip Jo BuiAldiinwi Jo 1088 8y} Jo abpaimouy| 8sn (018 ‘4 | Ueyl Sso)
J0 Jaealf aq 1 I, . il8lews Jo 1abBiq 8q i |IIA, MSE JeMSUE 8U} S1eWiiST e

‘woy Jeingey Ul ind pue ejep ajeudoisdde
10ex8 "B :uonN|os syl yum digy [im yoiym Wwioy e ojul wiejqold srejsuel] e
:padojensp pue pasinal aq 0} salberesls Buinos-Ws|qoid

'slodle Ajjuspl Jo/pue uasoyo

ABejens Jo Aousiolye ayenfens o sjidnd yse pue uonnjos 83sjdwod e anb
JO ‘uonn|os 818|dwod pue snuiluod 0} sjidnd Yse pue suoiNjos Hed oAk e
"*B8A0S 0] Jauped e Joj swajqoid Jejiuiis dn axew 0} sidnd Msy e

(‘gz—1z "dd ‘sydwoud soed

-lUIW GA ©8S) Uemsue ue 0} ybnoJyl swejqoid Buppiom ueyi Jayies ‘uoinjos

10 spoyiaw a|qissod uo Buipiosp alojeg (wJoy Jejngel ol Buimnd 68) e1ep
Buisiuebio pue BuioelIxe UO 81eJjuadu0d :Sws|qoid JO 1S J/BwS e 8S00yD) e

(0z—61 "dd ‘sidwoud soed-luiw gA

993) "IX81U0D BWeS WoJ} suonsanb Arejuswa|ddns Jo Juaieyip Mse ‘pardepe

80 UBD Spoylall MOy JepISUod pue (YNaigip alouwl way} exew "68) siequinu
abueyd (Buinos Jo) Selfalells aAjeuls)e SSNOSIP (Ws|qoid suo 8sooy)) e
‘(seLreus|d-1uilu spnjoul Aew) saiAlOY

"SIX81U0D [eoNsNels ‘(sueid pue sdew ‘qusweble|us)

[eouswoab ‘[eolydelb ‘(sesealoap pue sesealoul sbejusolad Buipnioul)
[eoHWINU WOJ MBI "SMO00IXe} 8deNns (69¢ ‘€62 ‘62c ‘LLg /9L 'L
‘18-G/ ‘Gg ‘¢ ‘G ‘e "dd) spomewield ‘(8z-gg "dd) Mueq wejqoid soed-lujw
8A 9SN '8// |A8] 01 G |[oA8] WoJ) Buibuel ‘sws|qo.d JO Mueq o|gelns e 109|100
uoipodoud pue

oneu ‘uoisialp ‘uonesidiynw Buiajoaul swajqoad Buiajos 10} salbalens

H D 4°'d D ‘g seaoeldo
(suossa)| 9a4y}) € aseuyd

(% Jendiynu  suiyoew

Jad sinoy,) ¢seulyoew / oy
Buo| moy ‘eoueusiurew sinoy
/| pedu seulyoew  "6e
:so1el BuiAdde pue Buisn
' jo £ ueyy Jeyeslb Jo

‘01 [enbe ‘ueyy ssg| "t Jo ¢
:sanuenb Bupedwon

2 uey) Jeyealb

10 ‘0} [enbe ‘uey} sse| ¢
:suouodoud Buuedwon

:*** 10 suoluodoud Buipuly

9 :suopodold Buisseidxy

'SUOIBINO[BD 8881 JoA0D)

(7 ed

1 parels AJeso) sered buisn
‘saliuenb pue siequunp
swi.o} ebejusolad

pue jewosp ‘uoljoel) ‘oned
UsamMiaq UoISIeAU0D pidey
slaquunu pIeM;ME,

yum siorenored buisn

(senuiw G| 01 dn 0} puaIx3)
Kouanyy spiemo) Bupjiop

d 'O ‘g 'v senoelqo

'S9aJ} JO SMOopeys

10 sy1bus| pull ‘Aep eyy Ul Ja1e| mopeys
S.PIIYO JO Yibus| UsAID g sSmopeys 1HO
"seal} Jo siybley puy ‘pliyo o 1ybiey pue
SMOPEBYS JO SY1Bus| UBAID) 1| smopeys |HO
fieuas|d papuaixg

‘uanib aq
Wb senjea yeym noge ssjdiound
[eJsusb UO 81eJjUSOUOY) UOISUIX]

‘PBPs8U SE UOEULIOUl 8I0W
Buiesnss ‘spdnd eping :uoddng

'SYIpIM pue sy1bus| usamiag soled [eussiul Xis pue ‘sydelboloyd
usam1aqg SBUIeds XIS ‘(SUIPIM pue syibus|) SUOISUBWIP XIS auUILIBIaP

01 UBAIB &g 0} paau sanfeA Jeym ssnosip ‘sydelBoloyd Jejiuis 88y} UsAin)
(1@9ys @24nosai 10 | HO) siuswabiejua oiydeisboroyd

‘welbelp

gem se1no1es (‘g g

I

‘LG ‘G | Be) sonel ualeyp
ur 9g3 epIAIp _O_QEGXO 104
suds,

Aeusid

s8lo0N

Buiyoeay uiepy

Jo)e)S [eluaw pue [eiQ

© Crown copyright 2002

9 | Interacting with mathematics | Year 9 proportional reasoning: mini-pack



Prompts for oral and mental starters: phase 1

The following activities aim to automate some of the processing tasks which are essential
to speedy solution of ratio and proportion problems. In this sense they are similar to the
kinds of activities primary teachers use with Key Stage 2 pupils in order to secure rapid
responses to problems involving multiplication and division. This does not exclude
understanding but seeks to add speed to pupils’ use of basic knowledge.

[t is important to incorporate both pace and discussion within these starters. Generally a
few fairly speedy responses should be sought before results are compared. Pupils are
then in a position to exchange strategies and improve on responses, ready for another
quick batch of questions.

Higher/lower

This is a quick-paced activity requiring a mental approach. Pupils could respond by
showing one of two cards — ‘higher’ or ‘lower’.

e Give a scale factor (perhaps point to one on the board). Scale factor
2
e Ask whether the scaling will give a result that is higher or 5
lower than the original value. %
e Part way through, ask pupils to explain how the value of %
the scale factor helps to indicate the size of the result. v
100
e Introduce the term reciprocal and write reciprocals of the ]
values used so far. 7
101
e Ask the same set of questions for the reciprocals and note 50
the difference in the direction of the scaling between the %
reciprocal pairs. y
3z
e Suggested scale factors are given here but this list should 9
be varied. 3

e An alternative is to specify ‘higher’ or ‘lower’ and have
pupils suggest scale factors using a whiteboard or
equivalent.

10 | Interacting with mathematics | Year 9 proportional reasoning: mini-pack © Crown copyright 2002



About

This is a quick-paced activity requiring a mental approach. Pupils could respond by using
whiteboards or equivalent.

e (Give a value and a scale factor (perhaps point to Va:l;es fs;::i fsaf::
these on the board; see the table on the right).
scale
e |[nitially use only fractions, then only decimals, 5 3 0.4
then a mixture. ;
1.6 3 1.7
e Ask ‘About how big will the resulting value be?’ 3
29 4 1.9
e Part way through ask some pupils to explain o4 9
their strategies in general for particular scale 0 4 08
factors, e.g. ‘How do we find the approximate 0.87 % 0.53
. . §r71
effect of scaling anything by a factor of 3* 110 % 102
e Suggestions are given here but this list should 4 0.09
be varied. °
A 3.3
. . o 13 :
e Alternatively specify the approximation and ask 0
for the scale factor. Which scale factors would 7 9.7
give a result which is:
— about half of the original?
— about the same as the original?
— about twice the size of the original?
— about ten times the original?

Calculator quick

This activity, which requires the use of calculators, needs a measured pace. Pupils could
respond using whiteboards or equivalent. An OHP calculator is useful for the follow-up
discussion.

e Give a calculation, perhaps orally or revealed on Calculation
the OHP. See the suggestions opposite. 25
4
e Pupils use their calculators to perform a quick 345
calculation and write their solutions on ! .
whiteboards or equivalent. 6+5
. . . 6
e Ask a pupil to scribe a selection of the responses 9% 7
on the board. 12
3/4
e Encourage pupils to use arguments of % % %
approximation to confirm the correct answer. 3
£+5
9
e Discuss the key sequence for each calculation Z
(perhaps demonstrated on the OHP calculator). 7 %6
Particular attention could be paid to key 18 x %

sequences which give incorrect solutions if these
are common to a number of pupils.

e [f the preceding points have not been lengthy, ask
what other form the calculation could take in
order to prompt the same key sequence.
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Prompts for oral and mental starters: phase 2

Equivalent lists

In this quick-paced activity, mental approaches should be used, but calculators may be
needed for fraction-to-decimal conversion. Pupils could respond using whiteboards or
equivalent.

An OHT with copies of the scaling line segments resource sheet may help in the
discussion of why percentage increases and decreases are different.

Start the activity by giving an initial ratio and ask for a full list of equivalent ways of
stating this relationship. For example:

The ratiop:qgis 4:3

What is the scaling from p to g:

e as a fraction? %

e as adecimal? 0.75

Is this an increase or a decrease? decrease
What percentage decrease does this represent? 25% of p
Inverse

Theratiog:pis 3:4
What is the scaling from g to p:

* as a fraction? %

e asadecimal? 1.33...

Is this an increase or a decrease? increase
What percentage increase does this represent? 33%% of g

Webs

In this quick-paced activity, a mental approach or calculator methods could be used, but
pupils should be told which is expected. Pupils could respond on a large sheet of paper
showing their web or contribute to a class web.

Starting points

e £5=4£€8 (or current
equivalence)

e Give an equivalence (or approximate equivalence)
between two values. See the suggestions on the right.

e Ask pupils to generate more equivalences from the

given fact. e 2 gallons = 9 litres

e Link these equivalences in a web diagram. * Smies=8km

e Ask pupils to comment briefly on how particular * Skg=11lb

entries were calculated.

* Include entries for a unit value on each side of the
equivalence and highlight these as rates.

e Be explicit in the language to describe rate: ‘... per ...".

e Draw out the importance of certain key entries in
enabling a whole string of other entries to be
generated and linked in the web.
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Splits

Mental approaches should be used in this quick-paced activity. Pupils could respond on a
large sheet of paper showing their web or contribute to a class web.

e Give a quantity including units. Examples could include:
£36, 24 kg, 100 cm, 4.2 ml

e Ask pupils to split the quantity into given ratios.
e Record the splits using a web diagram (see below).
e Ask pupils to comment briefly on how particular entries were calculated.

e Draw out the equivalence of some splits and the links between others. Show
these equivalences and links on the web.

e When appropriate draw out a general method for dividing in a given ratio.

£36

2:2:5
£8:£8:£20
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Prompts for oral and mental starters: phase 3

Where appropriate:

e expect rapid conversion between fractions (lowest terms), decimal fractions, percentages;

e expect rates, which should be clearly stated as ‘... per ...’;

)

e expect the use of a calculator where numbers are ‘awkward’.

Where a proportion is asked for this could be a fraction, a decimal fraction or a percentage.

Expressing proportions
Numbers, first smaller than second:
e Whatis 5 as a fraction of 857

e What is 5 as a percentage of 857
e What is 5 as a proportion of 857

Quantities, first smaller than second (answer is not
in units, e.g. £):

e What is £3 as a fraction/percentage/proportion
of £177

Quantities (mixed units), first smaller than second
(answer is not in units, e.g. £ or p):

e What is 60p as a fraction/percentage/proportion
of £27

Expressing proportions and their inverses

Numbers, first larger than second:

e What is 15 as a fraction/percentage/proportion
of 87

Quantities, first larger than second
(answer is not in units, e.g. kg):

e What is 23 kg as a fraction/percentage/proportion
of 8 kg”?

Quantities (mixed units), first larger than second
(answer is not in units, e.g. m or cm):

e What is 3 m as a fraction/percentage/proportion
of 70 cm?

As above, deal with various forms: fractions/decimal fractions/percentages; numbers/quantities; same

units/mixed units.

Examples:

e What is 6 as a proportion of 257
e What is 25 as a proportion of 67

Expressing rates

These should be written as ‘this per that’. Examples:

e 367 miles travelled at a constant speed for 4 hours

e £87 split equally between 6 children
e 14 hours of work to be covered by 9 clerks

Inverting rates

Using the previous examples:

e What is the meaning of ‘that per this’? When is it useful?

— hours per mile
— children per pound

— clerks per hour
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Finding proportions of ...

Numbers, proportions less than 1, some terminating
decimals and some not:

e What is three fifths of 837
e \Whatis 0.6 of 837
e What is 60% of 837

Quantities, proportions /ess than 1, some terminating
decimals and some not (answer is in units, e.g. £):

e What is three sevenths of £177?

Comparing proportions
Numbers, first smaller than second:

e \What is greater:
5 as a proportion of 85, or
7 as a proportion of 907

Quantities, first smaller than second
(answer is not in units, e.g. minutes):

e \What is greater:
5 minutes as a proportion of 18 minutes, or
3 minutes as a proportion of 10 minutes?

Quantities (mixed units), first smaller than second
(answer is not in units, e.g. £ or p):

e What is greater:
60p as a proportion of £2, or
90p as a proportion of £2.477

Inverting proportions and comparing

Numbers, proportions greater than 1, some
terminating decimals and some not:

e What is ten sixths of 747
e \Whatis 1.67 of 747
e  Whatis 167% of 74?

Quantities, proportions greater than 1, some
terminating decimals and some not (answer is in units,
e.g. litres):

e What is four thirds of 14 litres?

Numbers, first larger than second:

e \What is greater:
26 as a proportion of 8, or
32 as a proportion of 97

Quantities, first larger than second
(answer is not in units, e.g. cmy:

e What is greater:
18 cm as a proportion of 7 cm, or
16 cm as a proportion of 6 cm?

Quantities (mixed units), first larger than second
(answer is not in units, e.g. m or cm):

e What is greater:
3 m as a proportion of 70 cm, or
2.3 m as a proportion of 57 cm?

As above, deal with various forms: fractions/decimal fractions/percentages; numbers/quantities;

same units/mixed units.
Example:

e What is greater:
9 as a proportion of 28, or
13 as a proportion of 407

Given the previous fact, what is greater:
28 as a proportion of 9, or
40 as a proportion of 137

Comparing rates
e What is the greater rate:

367 miles travelled at a constant speed for 4 hours, or

640 miles travelled at a constant speed for 7 hours?
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Comparing quantities
Numbers, proportions less than 1, some terminating
decimals and some not:

e Which is the greater:
one fifth of 83 or
one seventh of 907?

Quantities, proportions less than 1, some terminating
decimals and some not (answer is in units, e.g. litres):

e Which is the greater:
16% of £25 or
25% of £167

Using and applying rates

Numbers, proportions greater than 1, some
terminating decimals and some not:

e Which is the greater:
five thirds of 35 or
seven quarters of 337

Quantities, proportions greater than 1, some
terminating decimals and some not (answer is in units,
e.g. litres):
e Which is the greater:

ten thirds of 14 litres or

ten sevenths of 20 litres?

e 4 machines need 17 hours of maintenance. How many machines can be serviced

in 5 hours?

What is the rate we use in this calculation? (Not expecting numerical answer

but a rate, e.g. ‘machines per hour’)

What is the calculation? (Not expecting numerical answer but a calculation,

e.g. 1% x 5)

What is the answer?

e 4 machines need 17 hours of maintenance. How many hours are needed to

service 7 machines?

What is the rate we use in this calculation? (Not expecting a numerical

answer but a rate, e.g. ‘hours per machine’)

What is the calculation? (Not expecting numerical answer but a

calculation, e.g. 17 x 7)

What is the answer?
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Prompts for main activities in phase 1

Repeated scaling

In the Year 8 unit, pupils used the image of parallel number lines to explore multiplicative
relationships. This image is continued, but simplified to the use of line segments. Note
that:

e The diagrams can be rough sketches.
e |t helps to think in terms of ‘expansion’ and ‘reduction’ of the line segment.

e Depending on the class, you might introduce the mathematical term ‘enlargement’,
for example:
— expansion by a factor of 4 is equivalent to enlargement by a scale factor of x4;
— reduction by a factor of 4 is equivalent to enlargement by a scale factor of x%.

This will help pupils to make a link with enlargement in phase 2 of the unit. It will of course
be necessary to discuss the apparent contradiction in using the term ‘enlargement’ for a
reduction!

Quickly recap the principle of scaling between any two numbers in either direction using
only multiplication. For most pupils the interim steps of scaling down to 1 will be dropped
after the initial recap.

For example, ask:

e What single number could you multiply 4 by to scale it to 1?

e What about the inverse... from 1 to 4?7

e What single number could you multiply 1 by to scale it to 77

e What about the inverse... from 7 to 17

e What number could you multiply 4 by to scale it to 7 in a single step?
e What is the single multiplier coming back from 7 to 47

Move on to consider successive scalings.
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Use the prompts below for a variety of start, middle and end points including non-integer
values. For example, ask:

What single number could you multiply 4 by to scale it to 77

What single number could you multiply 7 by to scale it to 57

What number could you multiply 4 by to scale it to 5 in a single step?

How is this related to the two steps we have described from 4 to 7 and from 7 to 57

Can you see that multiplying by the single scale factor (%) is equivalent to multiplying
in two steps by the two separate scale factors (% and %)?

4 —> X% 7 x2 ——>5
4—> xZ x5 —>5
4 — X% f——>5

Use your calculator to check each step of the scaling and to confirm this equivalence.
(Point out the rounding error which can occur here.)

4 ——>] x 1.75 7 x0.714 5
4 ——> x1.756x0.714 5
4 ——> x1.25 5

Can you see that the single multiplier (1.25) is the product of the multipliers used in
the two-step scaling (1.75 x 0.714)?

Repeat the above for the inverse scalings, from 5 to 7 to 4 noting that beginning with
the fractional form of the scale factors is useful here.

Link to multiplication and division of fractions

Although not addressed in this unit, these points are worth noting:

Successive scalings x% and x% can be thought of as expanding by a factor of b and
reducing by a factor of a, then expanding by a factor of ¢ and reducing by a factor of

b. Expansion and reduction by factors of b can be observed to ‘undo’ one another.
This may help to explain the result % x § = ¢ in terms more meaningful than

‘cancelling’ the bs.

The inverse of x% is +§. However, the inverse can also be expressed as the multiplier

x% . So +§ and x% are equivalent operators, which explains the infamous (familiar but

frequently not understood) rule for dividing by a fraction: ‘turn the fraction upside
down and multiply’.
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Proportional sets

Tables 1 and 2 show proportional sets of numbers. The main activity is to give pupils
some of the entries and ask them to calculate the others. A suggestion is given in the
incomplete table on the right — clearly enough entries are positioned to make the task
possible but also challenging.

Table 1
Set A Set B Set C Set A Set B Set C
2 7 3 2 7
5 17.5 7.5 5 7.5
8 28 12 28
0.4 1.4 0.6 0.6
0.2 0.7 0.3 0.2
] i I
10 35 15 10
Table 2
Set A Set B Set C Set A Set B Set C
5 4 11 5 i
6.25 5 13.75 5
3 24 6.6 3 2.4
7 5.6 15.4
0.5 0.4 1.1 1.1
8 6.4 17.6 17.6
10.5 8.4 23.1 10.5

The presentation of this task is important. This is not a routine completion of entire rows
or columns. The aim is to use the table as an opportunity to draw out the structures
which help to develop proportional understanding.

You could model the following approach.

Finding a missing entry

e To find a missing entry, three related entries are required. A good strategy is to set out
the entries in a 2-by-2 array and then to identify the multiplier. (The multiplier may be

between any pair of numbers.)
2 X
5 7.5

e Encourage pupils to estimate the size of the missing entry. (Refer back to the oral and
mental starters ‘Higher/lower’ and ‘About’.)

e Write the calculation as an equation which is then solved mentally or using a
calculator:

_ 2
x_7.5><§
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Drawing together solutions and comparing strategies
e Consider alternative arrays and calculations and discuss their merits.

e At a suitable stage consider the scale factor between the columns and its inverse.
This can be seen as a ‘safety net’ by which all missing entries can be calculated if a
simpler strategy is not apparent. For example:

Scaling from A to B involves multiplying by ratio g = %
(Note also the inverse ratio 22
Scaling from B to C involves multiplying by ratio % = %
(Note also the inverse ratio % = %)
i i inlvi i _3
Scaling from A to C involves multiplying by ratio °=3
i i _2
(The inverse is % =2)
o ; ; b
This is equivalent to the product of the two scalings g X %
_ 7 x83_3
277702

e Pupils will sometimes use division to complete the calculation, for example:

4 11
( >+10
? 1.1

Remind pupils that dividing by 10 can also be thought of as multiplying by 11—0 or 0.1.

Extending the task by posing further questions
For example:

e Which entries must be placed in the table in order to be able to complete all missing
entries?

e \What is the maximum number of items which could be entered and the task remain
impossible?

e What is the minimum number of entries needed and what is important about their
location?

e For any one empty cell — What is the best starting point? How many different starting
points are there?

Simplifying the task
e Pre-select the array to be used to find the missing entry.

e Use the scale factor between columns systematically.
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Prompts for main activities in phase 2

Folding paper

Two paper-folding activities follow. The first, based on a square, can be used as a
practical demonstration or a visualisation exercise. Notes for both are given below. The
second, based on a rectangle, is a practical activity.

Folding a square sheet
This is a practical demonstration for the majority of pupils.

Resources: Two identical large square sheets of paper.
A smaller square sheet to check for similarity (not produced by folding the
larger ones) and a rectangle (sides in a ratio of about 5 : 1).

Start by showing pupils the identical square sheets. Stick one sheet on the board and
fold the other sheet to make a rectangle and cut into two halves. Stick one half on the
board and repeat with the other half (folding parallel to a pair of sides, along the shorter
line of symmetry). Do this three more times.

Ask volunteers to arrange the six shapes on the board in different ways, e.g. align to
show centre of enlargement. Below are some useful points to draw out:

e There are three squares, with sides in the ratio 1 : 1, each successive one being a x%

enlargement of the previous square.

e There are three rectangles, with sides in the ratio 2 : 1, each successive one being
a x% enlargement of the previous rectangle.

e Shapes whose proportions are the same, one being an enlargement of the other, are
described as mathematically similar.

e Show pupils the smaller square sheet and ask whether it belongs to the set of similar
shapes. Check by measuring (to check ratio) and by aligning (to check centre of
enlargement). Conclude that all squares are similar.

e Show pupils the other rectangle (e.g. ratio 5 : 1) and ask whether it belongs to the set
of similar shapes. Check by measuring (to check ratio) and by aligning (to check
centre of enlargement). Conclude that only certain rectangles are similar and that this
depends on the ratio of length to width.

Folding a square sheet: visualisation
This alternative visualisation exercise is suitable for higher-attaining pupils.

For general guidance on conducting visualisation exercises, see the ‘Prompts for oral and
mental starters in phase 1’ in the Year 9 geometrical reasoning unit.
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Visualisation script

Imagine a large square sheet of paper. Ask yourself: What is the ratio of length to
width? (Check that pupils understand that itis 1 : 1.)

Imagine folding it in half along a line of symmetry. What shape do you get? (Take
answers from the group — two possibilities are a rectangle and a right-angled
isosceles triangle. Ask the class to focus on folding parallel to a side to get a
rectangle. There should be no further discussion until the end of the visualisation.)

Imagine the rectangle you get after folding a square sheet in half. Ask yourself:
What is the ratio of length to width? (Extension: How does the area compare with
the area of the square?)

Now fold the rectangle in half along the shorter line of symmetry. What shape do you
get? What is the ratio of length to width? (Extension: How does the area compare
with the area of the original square?)

Fold again along a line of symmetry (not a diagonal). What shape do you get? What is
the ratio of length to width?

Fold again along the shorter line of symmetry. What shape do you get? What is the
ratio of length to width?

Fold one more time along a line of symmetry (not a diagonal). What shape do you
get? What is the ratio of length to width?

At the end of the visualisation, ask pupils to describe the sequence of six shapes they
saw and the relationships between them. You may wish to have a set of shapes prepared
to demonstrate and check pupils’ observations. Draw out the same points as for the
practical activity.

Folding a rectangular sheet

Ask pupils to work in pairs and split the class into two halves. Provide one half of the
class with two sheets of A4 paper and the other with two identical sheets of non-metric
paper (e.g. trimmed A3). Ask them to set one sheet aside and to fold the other sheet
along the shorter line of symmetry and cut it into two halves. Set one half aside and
repeat with the other half. Do this three more times.

Now ask pupils to:

e Arrange the sheets in different ways and consider whether any of the rectangles are
mathematically similar (e.g. align to show centre of enlargement).

e Measure and tabulate lengths and widths of rectangles which they think are similar
and calculate scale factors within the table.

On the board compare the results from the two halves of the class, making sure that you
display accurate data. Allow all pairs a few minutes to consider the reasons for the
difference (they may wish to form fours to discuss the two sets of results).

In the plenary raise these questions for discussion:
e Considering the non-metric sheet, are any rectangles mathematically similar?
e \What happens with A4 paper?

e Why do you think that standard metric paper sizes are designed in this way? (You
have been looking at A4, A5 and AB, and smaller sizes which are not named. They
are derived from AO paper, which has an area of 1 m2.)
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Cat faces

Distribute copies of the ‘Cat faces’ resource sheet
to pairs of pupils. If you use a selection of sizes
of sheet (e.g. A3, A4, A5), additional questions P> >
on the preservation of ratios across the enlarged
sheets will be possible when pupils are ready to
share their results.
@
A
AT

Resource sheet

‘)
104

N\

0
e

%}E
i

[ — comnaprgesn

Describe the following tasks:

Photographic enlargements

Show the set of similar rectangles given on the /
resource sheet ‘Photographic enlargements’ i
(OHT, poster size or A3 sheets).

Find the faces which are similar by calculating the ratio of two dimensions within a
face and confirming that this is preserved.

Record the factor which scales from one similar face to another (as a fraction, decimal
and percentage).

Record the inverse of each of these.

Check some additional measurements on the similar faces and confirm that they also
have increased by the scaling identified.

Consider the scalings between the three circular faces A, B and C. Confirm that the
scaling from A to C can be calculated by multiplying the scaling from A to B and the
scaling from B to C.

‘ Resource sheet

Photographic snlargements

Explain that:

This is a set of photographs which are enlargements of each other (i.e. it is a set of

similar rectangles).

There are 18 values missing from the diagram (on a poster you might like to have

these values hidden by small sticky notes — ‘lift the flap’), but they cannot
be found by measuring as the rectangles are not drawn accurately.
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e Of the missing values:

— six are dimensions — the width and length of each rectangle;
— six are scalings between the three rectangles in both directions;

six are internal ratios written as scalings from the length to the width and vice
versa.

Pose the challenge:

I will give you some of the values. You have to ask for the minimum you need to work

out all the other values. What values do you want me to give? (Which flaps would you
choose to lift?)

The difficulty of this task is largely determined by the decision making required as to

which numbers are revealed. More guidance on this choice could be given to support
some groups of pupils.

Follow up:

e Pupils should explore alternative sets of given values and consider what is the least
number they need.

e They might tabulate dimensions and the scalings between them as follows:

N
< length

width

¢ ojoyd
2 ooyd
| ojoyd

e Extension: What is the largest number of values you could be given and still be
unable to find all 18 values?
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Prompts for main activities in phase 3

Phase 3 of the Year 8 multiplicative relationships unit outlined a general approach to
developing problem-solving strategies. The development of these strategies is continued
here. You need to collate a bank of appropriately pitched Year 9 problems. Important
sources for this will be questions from past Key Stage 3 test papers, textbooks and the
Framework supplement (pages 3, 5, 21, 25, 75-81, 137, 167, 217, 229, 233, 269). The
problem bank included in the Year 8 materials (pages 23-28 in the multiplicative
relationships mini-pack) is still likely to be a useful resource for this unit.

Use the ideas below for further guidance appropriate to the Year 9 context. Also refer to
the Year 8 ‘Prompts for main activities in phase 3’ on pages 19-22 of the multiplicative
relationships mini-pack.

Rates and change of units

Example 1: Speed

A car averages 56 mph. How far does it travel in 3% hrs? To the nearest % hr,
how long does it take to travel 322 miles?

This example is typical of many problems where a rate is given. Many pupils will approach
these problems successfully without tabulation recognising that a multiplication or division
is required. However, a discussion of the question in its tabular form can be of value to all
pupils in clarifying the relationships in the problem.

e Extract the data into a tabular form, noting that one of the entries will be 1.

e Support by simple questions such as those rehearsed in the oral and mental starters.

Distance Time The first answer is a distance, so the units will be miles.
(miles) (hours) It will be bigger than 50; it will be about 150 miles.
56 1 The second answer is a time. The units will be hours.
? 3.25 The answer will be bigger than 3.25.
322 ? It will be about 6.

Example 2: Density
The density of paint is 1.3 g/cm3. What is the mass of 3 litres of paint?

In this example, there is a change of units. To highlight the structure of the question the
data can again be tabulated. This may initially be solved as a two-stage calculation. It
might be appropriate to combine the two scale factors into one if the calculation is to be
repeated for a series of quantities or for tabulation in a spreadsheet.

Mass Volume Volume The first row shows a rate given in the question. This

(9) (cmd) (litres) will change for different paint.
1.3 1 The second row shows a conversion rate. This will
1000 1 always be the same.
? ? 3 The final answer is a mass. The unit will be grams.
W W The answer will be bigger than 1.3; it will be between
3000 and 4500 grams.

x 1300
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Percentage changes

Example 3: Savings
a What is the final amount after 7% interest is added to my savings of £5287

b My friend’s savings amount to £920 after 7% interest has been added. What was
the original amount of her savings before interest was added?

Terms like ‘increase’ (or ‘decrease’) may trigger additive thinking, but it is always possible
and sometimes necessary to relate the original and final values multiplicatively.

Part a:
Original Final This table gives a concise overview of the problem. The first
100 107 row shows which amount to consider as 100%. All *?’ entries
528 ? are amounts of money; the units will be £. Each entry in the
? 920 first column will be smaller than the corresponding entry in

in the second column.

« 107

100 )
528 W final amount

final amount = 528 x % =528 x1.07

From any original amount (£s) the final amount (£t) can be calculated:
t=sx1.07

Part b: The second part of this inverse calculation is made possible because of the
approach through considering scaling methods and finding a multiplier. Discuss the fact
that the reduction here is not 7% but about 6.5%:

% 100

original amount <97 9o

x 0.935
original amount = 920 x % =920 x 0.935
From any final amount (£t) the original amount (£s) can be calculated:
s=1tx0.935

Ask pupils to make up similar problems for their neighbour to solve — using different final
amounts and different interest rates.

Example 4: Prices

a If an item originally selling for £30 is reduced by 50% and then by a further 50%,
do | get it for nothing?

b If the price is increased by 50% and then decreased by 50%, does it return to its
original value?

Misconceptions relating to successive percentage changes can be exposed here if pupils
answer ‘yes’ to either of these questions. This usually results from additive rather than
multiplicative thinking. The tables opposite give a concise overview of the problem. The
first two rows show which amount to consider as 100%.
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Part a

First Second Third Note that a single scaling of 0.5 x 0.5 = 0.25 reveals
100 50 that the third price is 25% of the first price.
100 50
30 ? ?

third price = £30 x 0.5 x 0.5 = £7.50

Part b
First Second Third Note that a single scaling of 1.5 x 0.5 = 0.75 reveals
100 150 that the third price is 75% of the first price.
100 50
30 ? ?

third price = £30 x 1.5 x 0.5 = £22.50

Links between different strands of mathematics

List the aspects of mathematics with which pupils are familiar (it is probably better not to
include ‘using and applying mathematics’ at this point):

e number

e algebra

e shape, space and measures
e handling data

For each aspect ask the class:

e What is it about?

e What sorts of problems do you solve in this aspect of maths?

e What types of table, diagram or graph are used?

Resource sheet
Four problems: making the links

Use the resource sheet ‘Four problems: making the
links’ as a handout, OHT or poster.

‘Simllar triangles.
fa | | The trangies ABG and ARG are
simia,

For each problem ask pupils to:

e discuss from which strand of mathematics the
question could be drawn;

straight line
These poirts ke on thestraght Ine | [ 2
below. 0,0}, (6, 7.9), (10, 158)

e extract the data and put it into tabular form — do not ¥
solve the problem at this stage; /

e discuss ways of constructing a table (with headings); ‘s

e compare any alternatives and decide which is best.

[N — somneprge s

Considering the collection of tables for all four problems, ask pupils to:

e compare tables for different problems, noting the similarity in structure, each being a
proportion in which the answer can be found by finding and applying a scale factor;

e continue the problems through to solutions.

Finally point out that these examples illustrate how an important mathematical idea
(proportion) can underpin apparently very different situations.
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Prompts for final plenary in phase 2

Shadows

This is suggested as an extended plenary to conclude phase 2 of the unit.

Resources: The four resource sheets ‘Shadows’ will need to be copied on to acetate.
You will find these sheets in the school file.

Show ‘Shadows 1’ which is a sketch of a child, some trees and their shadows. Ask
pupils what they notice about the figures and their shadows and how they can tell that
the shadows are all cast at the same time of day. Discuss the general question of using
the height of the child and length of the child’s shadow to establish something about the
relationship between the height of each tree and the length of its shadow.

Use ‘Shadows 1 overlay’ to illustrate the measurements which are known (lengths of the
shadows and height of the child) and those which need to be calculated (heights of the
trees). For simplicity ‘Shadows 1’ can be removed and the overlay left in place to
minimise distractions in the display.

Use the task as an opportunity to reinforce the strategies which have been developed
throughout the unit, namely:

e Write the three known values and the one unknown as a 2-by-2 array and decide
which scaling will help find the unknown (using ideas from phase 1).

e Use the multiplier to decide whether the calculation will result in a higher or lower
result and also establish about how big the result will be (using ideas from the oral
and mental starters).

e Confirm this by reference to the context of the question.

e Use calculators to quickly find the height of each tree and reinforce efficient calculator
use (ideas from oral and mental starters).

Show ‘Shadows 2’, a sketch of the same trees and the same child, and ask what is
noticeable about the shadows now. Are any of the relationships from the first situation
transferable to this new context? Ask how much information is needed here to calculate
the lengths of the shadows.

Use ‘Shadows 2 overlay’ and the key points described above to calculate the length of
the shadow of each tree. Note that part of the picture has deliberately “fallen off’ the
sheet. At this stage, relationships are well enough established that it is still possible to find
a solution by visualising the complete triangle.
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